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Single-target tracking using a standard Kalman filter with fixed

measurement noise covariance will be effective if the target orig-

inated measurement is known. Under measurement origin uncer-

tainty (MOU) the target state is updated in a probabilistic data

association (PDA) framework using the set of measurements ob-

tained inside a validation region (gate region). This paper develops

a model for validated measurements using a conventional target

originated measurement model and a model for measurements with

uncertain origin. Using the developed model for validated measure-

ments the measurement noise covariance under measurement origin

uncertainty (MOU) is estimated. With this model the multiplicative

scalar information reduction factor (IRF) in the computation of

Cramér-Rao lower bound (CRLB) with MOU is shown to be due

to an additive term in the measurement noise covariance. This ad-

ditive term is used in the probabilistic data association (PDA) filter

for computing the spread of innovation. This leads to a modified

measurement noise covariance, innovation covariance and Kalman

filter gain resulting in an adaptive iterative PDA (Iter-PDA) filter.

Improvements obtained using the proposed approach are demon-

strated through Monte Carlo (MC) simulations by comparing with

PDA and CRLB. The consistency of the modified filter is checked

and found to be within the acceptable limits.
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1. INTRODUCTION

In surveillance systems, measurements can be due to

targets of interest, clutter or false alarms. Target track-

ing in such conditions suffers from measurement origin

uncertainty (MOU) in addition to measurement noise.

Multiple hypotheses tracking (MHT), the optimal ap-

proach for tracking under MOU, [1], [2], uses all mea-

surements Zk up to time k for data association. The

issue with MHT is the maintenance of exponentially

increasing number of hypotheses with time [1]. MHT

uses pruning and merging of hypotheses to limit the

Gaussian components [3], [4]. Sub-optimal approaches

such as probabilistic data association (PDA) use only

the measurements Z(k) obtained at instant k for updat-

ing the predicted target state x̂i(k j k¡1). Because of the
reduced computational effort compared to the optimal

approach and due to its robustness towards clutter and

missed detection (measurement) PDA is widely used

for tracking in clutter [5], [6]. Earlier work exploring

different aspects of using PDA in target tracking such

as, consistency, maneuver, track initiation-deletion and

track bias have appeared in [7], [8], [9], [10], [11]. In

this paper the focus is on improving the estimation ac-

curacy under MOU by modeling the uncertainty asso-

ciated with measurement origin.

PDA uses all the measurements inside a gate area

around the predicted state known as validated measure-

ments for state update using the Kalman filter frame-

work. Hence, the posterior state error covariance of the

Kalman filter is increased depending on the measure-

ment origin uncertainty. The gate size is determined us-

ing the innovation covariance computed using the pre-

diction error covariance and measurement noise covari-

ance. As the state update progresses the filter used in

state update attains steady state and the prediction error

covariance in Kalman filter reduces. Therefore, for time

index k = 1,2,3 the gate size computed using the inno-

vation covariance reduces as shown in Fig. 1. The in-

novation covariance is also used in PDA filter for com-

puting the measurement-to-track association hypotheses

probability. In PDA filter, the Kalman filter gain and

the innovation covariance corresponding to time instant

k are computed using the parameters available at time

k¡1, i.e., without using measurements from kth instant.
The proposed approach in this paper uses measurements

from kth instant to compute innovation covariance and

Kalman filter gain.

Fig. 1. Instantaneous adaptability of data association filter in

clutter and clutter free zones.
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In practice targets may move in clutter or clutter

free zones and the tracking algorithm should adapt to

the situation. As shown in Fig. 1, for time index k = 4

the target enters a clutter zone and the pre-computed

innovation covariance does not anticipate a clutter en-

vironment. The PDA filter increases the posterior error

covariance and anticipates such a situation for the next

time instant at k = 5. The standard PDA implementa-

tions provided in [5], [6], [12], [13] lack the instanta-

neous adaptability to measurement origin uncertainty.

The adaptability of PDA filter during target maneuver

is addressed in [14] by scaling the process noise co-

variance using the available data at current time k. For

bearings-only tracking the gain of the extended Kalman

filter is modified in [15] for better handling of tar-

get maneuver. In the proposed approach, the innova-

tion covariance is adapted instantaneously so that better

measurement-to-track association hypotheses probabil-

ity is obtained. Using the modified innovation covari-

ance the Kalman filter gain with MOU is computed and

used for state error covariance update. The innovation

covariance is made adaptive by computing the modified

measurement noise covariance representing the MOU in

addition to the known measurement noise variance.

The method developed in this paper improves the

target state estimation accuracy by adaptively adjust-

ing the filter parameters used in state estimation. In the

smoothed PDA filter [16], the estimation accuracy of

the PDA filter is improved by using measurements from

the future. The prior estimates such as predicted target

state and innovation covariance can be improved using

the smoothed PDA, but with increased computational

cost due to the usage of measurements from multiple

time instants. For the case of finite resolution sensors

the estimation accuracy has been improved compared to

PDA in [17] for static and dynamic clutter pattern. In the

limiting case of infinite resolution sensors the approach

in [17] gives similar estimation accuracy as PDA. In this

paper the objective is to model the origin uncertainty

and to improve the estimation accuracy compared to

PDA even in the case of measurements obtained from

sensors having infinite resolution. The estimation accu-

racy for closely moving targets are improved in itera-

tive JPDA (Iter-JPDA) compared to JPDA by comput-

ing better measurement-to-track association probabili-

ties [18], [19] using measurements from the current time

frame. The approach presented here also improves the

estimation accuracy using measurements from the cur-

rent time frame. In [20] improved estimation accuracy

in the PDA frame work has been obtained by modifying

the data association probability with an assumption that

the target originated measurements will always be closer

to the predicted measurements. The approach developed

in this paper improves estimation accuracy through bet-

ter filter parameters obtained by modeling the measure-

ment origin uncertainty. For the case of non-parametric

tracking, a measurement sparsity estimation approach is

developed in [21]. Compared to conventional track ori-

ented clutter density estimation the sparsity estimation

approach in [21] reports improved track confirmation

rate, but the approach does not report estimation ac-

curacy improvements. In parametric form the proposed

approach in this paper assumes the spatial density of

clutter measurements is known a priori, as in the case

of parametric PDA, and assumes that the number of

clutter measurements follow a Poisson distribution. In

non-parametric form the Poisson parameter is replaced

with sample spatial density as in PDA filter.

We compare the mean square error obtained us-

ing the proposed approach with the Cramér-Rao lower

bound (CRLB) [22]. The CRLB for the unknown pa-

rameter estimation is given by the Fisher information

matrix (FIM) [23]. The CRLB for a linear dynamic sys-

tem in the presence of additive white Gaussian noise

and MOU has been derived in [9], [24] and observed

that a scalar information reduction factor (IRF) exists

due to MOU. The sufficient condition for the existence

of a scalar IRF in MOU and its wide application is

shown in [25], [26]. The exact computation of CRLB

with MOU requires higher order integrals to obtain the

IRF [9], [24]. A recursive form of CRLB obeying matrix

Riccati-like expression is obtained in [27], [28] with an

exception that the measurement noise covariance term is

multiplied by an IRF. A simplified recursive expression

for CRLB is shown in [29], but still requires evaluation

of higher order integrals. The tabulated values of IRF

given in [27], [30] can be used as an approximation,

but for a fixed process and measurement noise (Q and

R) along with gate size °. In this paper the information
matrix used for the computation of CRLB for linear

Gaussian case with MOU has been computed using the

modified measurement noise covariance in a recursive

form. The derived expression for scalar IRF can be eval-

uated for anyQ,R and ° and avoids evaluation of higher
order integrals.

The main contribution of this paper is in provid-

ing a model for validated measurements to carry out

improved data association for target tracking in clutter.

Compared to the target originated measurement model

the developed model for validated measurements han-

dles the measurement origin uncertainty (MOU). Us-

ing the proposed model for validated measurements the

adaptive measurement noise covariance in target track-

ing with MOU is computed. With this adaptive measure-

ment noise covariance other filter parameters are mod-

ified and improved target state estimates are obtained.

Another contribution of this paper is a method to com-

pute the information reduction factor (IRF) with Monte

Carlo (MC) simulations. Using this IRF the CRLB with

MOU is computed and the performance of the proposed

approach is compared.

The outline of this paper is as follows. In Section 2

we discuss the standard PDA based estimation process

for comparison with the proposed approach. The pro-

posed measurement model for validated measurements
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to handle MOU is developed in Section 3. Using this

measurement model, the modified innovation covari-

ance and Kalman filter gain can be computed. The PDA

filter using the proposed model becomes iterative be-

cause of the dependency between measurement-to-track

association hypothesis probability and the innovation

covariance. In Section 4, the recursive form of infor-

mation matrix update with MOU has been developed.

Here we also show that the scalar multiplicative IRF

is due to an additive term in the measurement noise

covariance computed with MOU. Section 5 gives the

simulation results and compares the root mean-square

positional error. The filter consistency test results and

the variation of IRF for various Q, R and ¸ are also

provided. Section 6 provides the conclusion.

2. TARGET STATE ESTIMATION USING PDA

Consider the target state transition and measurement

model of the form

xi(k+1) = Fxi(k)+w(k), (1)

zi(k) =Hxi(k) + v(k), (2)

where k is the time index, xi is a state vector of tar-
get i, zi is the measurement vector, w and v are zero

mean Gaussian noise vectors with covariance Q and

R, respectively. The measurements obtained inside a

gate area around the predicted state is referred as val-

idated measurements. The validated measurement set

Z(k) = fzj(k)gj=1:mk obtained at kth scan consist of mk
number of measurements and Zk = fZ(k)g denotes the
cumulative set of measurements up to time k. Among

the set fzj(k)gj=1:mk the index of target originated mea-
surement is unknown and this causes the measurement

origin uncertainty (MOU). The state transition matrix F
and observation matrix H are assumed to be known. The

predicted measurement is obtained from the predicted

target state as ẑi(k j k¡ 1) =Hx̂i(k j k¡ 1). The error of
the predicted measurement is

ºi(k) = zi(k)¡ ẑi(k j k¡ 1),
and the corresponding innovation covariance is

Si(k) = E[ºi(k)º
T
i (k)]: (3)

For single target tracking with measurement origin un-

certainty, the joint association hypothesis is defined as

A(j) =

8>>>>>><>>>>>>:

j = 1 :mk,zj(k) is associated with
target and all other measurements

are assumed to be from clutter.

j = 0, No measurement is associated

with target, all measurements are

assumed to be from clutter.

(4)

Measurement index j = 0 indicates no validated mea-

surement is used for association. Therefore, A(0) in-
dicates track is associated with predicted measurement

ẑ(k j k¡ 1). There are mk number of measurements

available at scan k and only one measurement is asso-

ciated with track. Conventional PDA approach assumes

the associated measurement to be target originated. The

set of all validated association hypotheses are denoted

as A= fA(j)gj=0:mk .
The measurements falling in the validation region

V(°) are only considered for forming the association

configuration. Validation region is a region around the

predicted target state where the measurements will be

available with high probability. The measurements in-

side the validation region satisfy the condition

Vk(°) = [z : ºj(k)S
¡1
i (k)ºj(k)

T · °] (5)

where ° is a parameter to control the validation (gate)

region and the set of validated measurements at time

k is denoted as Z(k) = fzj(k)gj=1:mk . The probability of
the hypothesis A(j) is computed in PDA as

¯j = p(A(j) j Zk) = p(A(j) j Z(k),mk,Zk¡1),

=
1

c
p(Z(k) jA(j),mk,Zk¡1)p(A(j) jmk,Zk¡1),

=
1

c
p(Z(k) jA(j),mk,Zk¡1)p(A(j) jmk), (6)

where c is a normalizing constant. The conditioning of

A(j) on Zk¡1 is considered irrelevant and so the prior for
data association p(A(j)) is uniform in PDA [12]. Hence,
the probability of association hypotheses unconditioned

(conditioned only on number of measurements) with

previous measurements is computed in (6). Because of

the un-conditioning of A(j) with prior measurements
the proposed approach computes the measurement like-

lihood using innovation covariance unconditioned with

any data association hypothesis. In the context of pa-

rameter estimation accounting model selection uncer-

tainty the unconditional covariance is computed in [31].

The unconditional covariance improves the precision

in estimates by accounting the uncertainty about what

model to use [31]. In target tracking under MOU the

data association hypothesis A(j) assumes measurement
zj is originated from target. In the proposed approach

the unconditional covariance accounts the uncertainty

in A(j) and improves the estimation accuracy. The like-
lihood function of target originated measurement zj(k)
is computed in PDA assuming a Gaussian density with

mean Hx̂i(k j k¡ 1) and variance Si(k), i.e. [12]
p(Z(k) jA(j),Zk¡1) =8><>:

V¡mk+1k P¡1G N (zj(k);Hx̂i(k j k¡1),Si(k)),
j = 1, : : : ,mk:

V¡mkk j = 0:

(7)

where Vk is the volume of the validation region de-

fined as
Vk = cnz°

nz=2jSi(k)j1=2, (8)

where nz is the dimension of measurement (simula-

tions carried out in this paper are with nz = 2) and cnz
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is the volume of the nz dimensional unit hypersphere,

and c2 = ¼. In contrast to PDA, the proposed approach

computes the likelihood given in (7) using a modified

innovation covariance Sμi (k), where the term Sμi (k) is

computed in the proposed approach as unconditional

innovation covariance [31]. PDA uses Si(k) in (7) as-

suming measurement zj(k) is target originated. In the

proposed approach the modified innovation covariance

Sμi (k) is computed using the modified measurement er-

ror covariance Rμ
i (k).

2.1 Kalman filter

In the standard Kalman filter for tracking without

MOU the prediction and update of error covariance

matrices can be summarized as [32], [33]

Pi(k j k¡ 1) = FPi(k¡ 1)FT+Qi, (9)

P¤i (k j k) = (I¡Ki(k)H)Pi(k j k¡ 1)(I¡Ki(k)H)T

+Ki(k)RKi(k)
T, (10)

where P¤i (k j k) denote posterior state error covariance
without measurement origin uncertainty. The innovation

covariance is computed as

Si(k) =HPi(k j k¡ 1)HT+R: (11)

The Kalman gain Ki(k) is computed as

Ki(k) = Pi(k j k¡ 1)HTS¡1i (k): (12)

The updated state estimate is obtained as

x̃i(k j k) = x̂i(k j k¡ 1)+Ki(k)ºi(k): (13)

In standard Kalman filter, the measurement originates

from the known target, hence

ºi(k) = zi(k)¡Hx̂i(k j k¡ 1),
can be computed without ambiguity.

2.2 Estimation with measurement origin uncertainty
(MOU)

In most of the existing approaches to handle mea-

surement origin uncertainty, the posterior target state

is obtained as the conditional mean [5] by averaging

over all valid association hypotheses. The conditional

mean is obtained as the minimum mean square estimate

(MMSE) [12]

x̃(MMSE)i (k j k) = E[xi(k) j Zk]
= E[E[xi(k) jA,Zk] j Zk]
=
X
j=0:mk

E[xi(k) jA(j),Zk]P(A(j) j Zk)

=
X
j=0:mk

E[xi(k) jA(j),Zk]¯j: (14)

The term ¯j = p(A(j) j Zk) is computed as [2], [12]

¯j =

8>><>>:
b

b+
Pmk
j=1 ej

, j = 0 no valid measurement,

ej

b+
Pmk
j=1 ej

, 1· j ·mk:
(15)

PDA filter in parametric form assumes the number of

clutter measurements are obtained from Poisson model

defined with parameter ¸, where ¸ is the spatial density

of false measurements. Parametric PDA filter computes

b and ej as follows

b = ¸
p
2¼jS(k)j

μ
1¡PdPG
Pd

¶
,

ej = exp(¡0:5ºTj (k)S¡1(k)ºj(k)), (16)

where j:j denotes the determinant, and Pd is the probabil-
ity of detection and PG is the probability of measurement

falling inside the gate. In non-parametric form the Pois-

son parameter ¸ is replaced with sample spatial density

¸=mk=Vk as the clutter density.

The proposed approach computes b and ej using

(16) by replacing Si(k) with a modified innovation co-

variance Sμi (k) to account for the measurement origin

uncertainty. Less than unity value for ¯j suggests that

the origin of jth validated measurement is uncertain.

The term x̃
(j)
i (k j k) = E[xi(k) jA(j),Zk] is the updated

state estimate conditioned on jth validated measure-

ment having originated from target. The estimate using

A(j) is

x̃
(j)
i (k j k) = x̂i(k j k¡ 1)+Ki(k)(zj(k)¡Hx̂i(k j k¡ 1)),

(17)

where Ki(k) is the Kalman gain, and ºj(k) = zj(k)¡
Hx̂i(k j k¡ 1) is the corresponding innovation. Given
target originated measurement and predicted target state,

innovation can be computed without ambiguity. But in

(14) target state x̃i(k j k) is computed with unknown
target originated measurement. Using (17) and (14) the

estimated target state is

x̃(MMSE)i (k j k) =
X
j

x̃
(j)
i (k j k)¯j

= x̂i(k j k¡ 1)+Ki(k)
X
j=0:mk

ºj(k)¯j(k):

(18)

In (18) with index j = 0 the predicted measurement is

used for updating the target state. Hence, the measure-

ment prediction error is

º0(k) = z0(k)¡ ẑi(k j k¡ 1)
= ẑi(k j k¡ 1)¡ ẑi(k j k¡ 1) = 0: (19)
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Let z̃i(k) =
P
j z̄j(k)¯j(k). The mean of the estimation

error can be computed as

E(²x,k) = E(xi(k)¡ x̃(MMSE)i (k j k))
= E[xi(k)¡ x̂i(k j k¡ 1)¡Ki(k)z̃i(k)]
= E[²xi,k¡1]¡Ki(k)E[z̃i(k)]: (20)

Therefore, if E[z̃i(k)] = 0 for every k and E[²x,k¡1] = 0
then E(²x,k) = 0 and the state estimate will be unbi-

ased. PDA assumes only one measurement originated

from target. But z̃i(k) is computed using more than one
measurement. On account of this measurement origin

uncertainty exists in the computation of z̃i(k) and the
proposed approach attempts to model the measurement

origin uncertainty by defining a random variable qj(k).
The proposed approach models the measurement ori-

gin uncertainty using qj(k), so that E[z̃i(k)] = 0 and
the target state will remain unbiased. If all measure-

ments are modeled using (2), considering only the tar-

get originated case, then the measurement noise covari-

ance is R= E[v(k)v(k)T] as in PDA. But only one mea-
surement among the validated measurement might have

originated from target. Hence, under measurement ori-

gin uncertainty the measurement noise covariance can

have two parts. The first part is a fixed known noise co-

variance R for the measurement originated from target

and the second part denoted as §(k) = E[qj(k)qj(k)
T]

is contributed by the uncertainty in the measurement

origin. The uncertainty in measurement origin is com-

puted using the spread of measurements. The random

variable qj(k) is used in the next subsection to define
the spread of measurements. The modification of the

measurement noise covariance affects the innovation co-

variance, Kalman gain and posterior error covariance as

shown in the following sub-sections.

3. PROPOSED MEASUREMENT MODEL AND
MODIFIED FILTER PARAMETERS

In PDA the target state estimate is obtained using

combined innovation z̃i(k) as given in (18). The com-
bined innovation z̃i(k) is obtained as

z̃i(k) =
X
j

z̄j(k)¯j(k)

=
X
j=0:mk

(zj(k)¡Hx̂i(k j k¡ 1))¯j(k)

=
X
j=0:mk

(zj(k)¯j(k))¡Hx̂i(k j k¡ 1): (21)

Using (21) the target state estimate obtained by (18) can

be rewritten as

x̃(MMSE)i (k j k) = x̂i(k j k¡ 1)

+Ki(k)

0@ X
j=0:mk

(zj(k)¯j(k))¡Hx̂i(k j k¡ 1)
1A :
(22)

In (22) the innovation is computed using the expecta-
tion of measurement E[zj(k)] =

P
j=0:mk

zj(k)¯j(k). Let
the target originated measurement be denoted with in-
dex i, zi(k). Therefore, posterior target state computed
using (17) with index i is corresponding to the target
originated measurement zi(k). Comparing the expres-
sion for posterior target state in PDA (22) and with the
posterior target state obtained with the target originated
measurement, zi(k) obtained with measurement index i
in (17)

z̃(k) =
X
j=0:mk

(zj(k)¯j(k)) = zi(k)

=Hxi(k) + v(k): (23)

If the measurement estimate z̃(k) = zi(k) then the PDA
estimates computed using (22) is equal to the estimates
obtained with known target originated measurement.
Hence, z̃(k) is used as an estimate of zi(k) and the error
in using validated measurement for updating the state
of target instead of the measurement that originated
from the target is computed as, qj(k) = zj(k)¡ z̃(k).
Substituting for z̃(k) from (23) gives

qj(k) = zj(k)¡
X
j=0:mk

zj(k)¯j(k): (24)

Hence, using (23) the modified measurement model for
the measurements obtained in the validation region is
defined as

zj(k) = zi(k)+qj(k)

=Hxi(k) + v(k)+qj(k), (25)

where,v(k)»N (v(k);0,R)andqj(k)»N (qj(k);0,§(k)).
For the target originated measurement, substituting j = i
in (24)

qi(k) = zi(k)¡
X
j=0:mk

(zj(k)¯j(k)): (26)

Using (23) in (26), gives qi(k) = 0, accordingly, the
modified measurement model given in (25) becomes (2)
for the target originated measurement. Under associa-
tion hypothesis A(0) the target originated measurement
may not be available inside the validation region and
the predicted measurement ẑi(k j k¡1) =Hx̂i(k j k¡ 1)
is used for state update. Hence, under A(0) the tar-
get originated measurement zi(k) is replaced with ẑi(k j
k¡1) and (25) becomes

zj(k) = ẑi(k j k¡1)+qj(k): (27)

Using the identity
P
j=0:mk

¯j(k) = 1, the expression for
qj(k) is rewritten as

qj(k) = zj(k)¡
X
j=0:mk

zj(k)¯j(k)

= zj(k)¡Hx̂i(k j k¡ 1)
¡
X
j=0:mk

(zj(k)¡Hx̂i(k j k¡ 1))¯j(k)

= ºj(k)¡E(ºj(k)): (28)
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The expression for qj(k) derived in (28) is used in
the next subsection for computing §(k). The conven-
tional PDA [12] assumes under hypothesis A(j) mea-
surement zj(k) is target originated. The association is

carried out under the assumption that at the maxi-

mum only one measurement can be originated from

target. If zj(k) is target originated then ¯j should be

equal to one. The proposed model anticipates a non-

ideal situation to identify the target originated mea-

surement zi(k) from the set of measurement Z(k) =
fzj(k)gj=1:mk , so has a provision to cater the uncertain-
ties in case none of the ¯(j) are equal to one. To sat-

isfy zi(k) =
P
j=0:mk

(zj(k)¯j(k)), the association proba-
bility ¯i(k) should be equal to one and ¯j(k) = 0 for

all j 6= i, because Pj=0:mk
¯j(k) = 1. If, max(¯j(k)) = 1

then there is only one nonzero ¯j(k) value (¯j(k) =

p(A(j) j Zk) = 1) and there is no uncertainty in select-
ing A(j), so §(k) = 0. But in practice, max(¯j(k))< 1
and this implies §(k) 6= 0 and results in additional terms
in measurement error covariance, innovation covariance

and posterior target state error covariance. Conventional

PDA modifies the posterior target state error covariance

with an additional term corresponding to the measure-

ment origin uncertainty. The proposed approach com-

putes the additional additive terms and modifies the

measurement error covariance and innovation covari-

ance along with posterior target state error covariance.

The additive term used for modifying the measurement

error covariance is obtained as, §(k) = E[qj(k)q
T
j (k) j

Zk]. An expression for computing is §(k) is derived in
the next subsection.

3.1 Modified measurement error covariance

The modified measurement error covariance is com-

puted using (25) as

Rμ(k) = E[(zj(k)¡Hxi(k))(zj(k)¡Hxi(k))T j Zk]
= (E[v(k)v(k)T]+E[qj(k)qj(k)

T j Zk]): (29)

In PDA the measurement likelihood is computed using

the error covariance R(k) conditioned on the hypotheses

that the given measurement alone is originated from

the target. The modified measurement error covariance

Rμ(k) is the unconditional measurement error variance

[31]. The unconditional measurement error covariance

consists of an additional term. The additional error

variance term corresponds to the error in using the

validated measurement for updating the target state

instead of measurement that originated from the target

and this can be obtained using (24) as

E[qj(k)qj(k)
T j Zk]

= E[(zj(k)¡ z̃(k))(zj(k)¡ z̃(k))T j Zk]:
The first term of the measurement error covariance

in (29) is computed as

E[v(k)v(k)T] =R: (30)

The second term of the measurement error covariance

can be obtained using (28) as

§(k) = E[qj(k)q
T
j (k) j Zk]

= E[(ºj(k)¡E(ºj(k)))
(ºj(k)¡E(ºj(k)))T j Zk]: (31)

Using (30) and (31) in (29) the modified measurement

error covariance can be computed as

Rμ(k) =R+§(k): (32)

Assuming ºj(k) are independent and identically dis-

tributed (i.i.d), as shown in [28], the expression for §(k)
can be obtained from (31) as

§(k) = E[ºj(k)ºj(k)
T j Zk]

¡E(ºj(k) j Zk)E(ºj(k) j Zk)T

=

mkX
j=0

¯jºj(k)ºj(k)
T¡ Z̃(k)Z̃(k)T, (33)

where Z̃(k) = E(ºj(k) j Zk). The expectation in (33) is
over the measurement error ºj(k) = zj(k)¡Hx̂i(k j k¡
1) and ¯j / p(ºj(k)). The expression given in (33) is
used in PDA filter for computing the posterior error

covariance [12], [6]. For the case with Pd = 1 and PG = 1

in (16), i.e., with b = 0 in (15) results in ¯0 = 0 and the

modified measurement error covariance is obtained as

Rμ(k) =R+§(k): (34)

Hence, the modified measurement error covariance

Rμ(k) is adaptive with probability of detection Pd and

also with measurement origin uncertainty.

3.2 Modified innovation covariance

The modified innovation covariance is computed by

substituting Rμ(k) instead of R in (11)

Sμi (k) =HPi(k j k¡ 1)HT+(1¡¯0)R+§(k): (35)

For ¯0 = 0 the modified innovation covariance is

Sμi (k) = Si(k) +§(k): (36)

where Si(k) is the innovation covariance of target origi-

nated measurements and the term §(k) is used for com-
puting the spread of innovation in [12]. The modified

innovation covariance Sμi (k) is used in (16) and (15) to
find the data association probabilities in the proposed

approach.

3.3 Posterior error covariance in PDA

The posterior covariance with measurement origin

uncertainty can be obtained from Appendix D.3 of

[12] as

Pi(k j k) = E
£
(xi(k)¡ x̃i(k j k))(xi(k)¡ x̃i(k j k))T j Zk

¤
,

(37)
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Pi(k j k) = ¯0Pi(k j k¡ 1)+ (1¡¯0)P¤(k j k)

+Ki(k)

0@ mkX
j=0

¯j z̄j z̄
T
j ¡ Z̃Z̃T

1AKi(k)T,
(38)

where P¤(k j k) is the posterior covariance without mea-
surement origin uncertainty, obtained in (10), and ¯0
is the probability of updating the target state without

having any valid measurement.

3.4 Modified filter gain

The objective in computing gain K in Kalman fil-

ter is to minimize the estimation error, by minimizing

the trace of the posterior error covariance P(k j k). The
target index i is dropped in this section for notational

brevity. Substituting the expression for posterior covari-

ance from (10) in (38) gives

P(k j k) = ¯0P(k j k¡ 1)
+ (1¡¯0)((I¡K(k)H)P(k j k¡ 1)
£ (I¡K(k)H)T+K(k)RK(k)T)

+K(k)

0@ mkX
j=0

¯jºjº
T
j ¡ Z̃Z̃T

1AK(k)T: (39)
The gain Kμ that minimizes the trace of P(k j k) (sum
of the mean square errors in the estimates of all the

elements of state vector) is obtained by computing the

derivative with respect to K as

d(tracefP(k j k)g)
dK

= 2(1¡¯0)(I¡K(k j k)H)P(k j k¡ 1)(¡H)T

+2K(k j k)((1¡¯0)R+
mkX
j=0

¯jºjº
T
j ¡ Z̃Z̃T),

(40)

and setting this equal to zero. The modified filter gain

Kμ is

Kμ(k) =

(1¡¯0)P(k j k¡ 1)HT
(1¡¯0)(HP(k j k¡ 1)HT+R) +

Pmk
j=0¯jºjº

T
j ¡ Z̃Z̃T

:

(41)

The modified gain Kμ obtained in (41) reduces to the

standard Kalman gain

K(k) =
P(k j k¡ 1)HT

HP(k j k¡ 1)HT+R =
P(k j k¡ 1)HT

S(k j k) (42)

under no measurement origin uncertainty. The quantity

§(k) =

mkX
j=0

¯jºj(k)z̄
T
j (k)¡ Z̃(k)Z̃T(k),

will be zero if ¯j = 1 for any j, (
P
j=0:mk

¯j = 1). The

target state conditioned on hypothesis A(j) denoted as

x̃
(j)
i (k j k) is computed in (17) is conditioned on only
one hypothesis A(j). Hence, the gain K(k) used in
(17) is the standard Kalman gain. The modified filter

gain is used in computing the posterior state error

covariance because of the involvement of more than

one association hypotheses. The posterior state error

covariance computed using modified filter gain Kμ(k)

is referred as modified posterior state error covariance

denoted by Pμ(k j k).
The modified posterior state error covariance can

be obtained by substituting Kμ obtained by (41) in (39)

as

Pμ(k j k) = ¯0P(k j k¡ 1)+
(1¡¯0)((I¡Kμ(k)H)P(k j k¡ 1)(I¡Kμ(k)H)T

+Kμ(k)RKμ(k)T)

+Kμ(k)

0@ mkX
j=0

¯jºjº
T
j ¡ Z̃Z̃T

1AKμ(k)T: (43)

3.5 Iterative PDA (Iter-PDA)

The PDA approach uses Kalman filter (KF) frame-

work and in KF the estimation process evolves with

time and measurement update. The time update and

measurement update steps involved in target track-

ing under MOU using PDA approach is shown in

Fig. 2.

The modified innovation covariance is computed in

the proposed approach using modified measurement er-

ror covariance Rμ(k) instead of fixed measurement noise

variance R. The gain used for computing the covariance
update in the measurement update step is also modi-

fied with the measurement error variance. The differ-

ence in the proposed approach compared to conven-

tional PDA approach is shown with bold dotted arrows

in Fig. 2. The main difference with conventional PDA

is in computing the adaptive data association proba-

bilities and modified filter gain as shown in Fig. 2.

The proposed modifications in gain and association

probabilities are obtained with dynamic measurement

error variance §(k). The modified association prob-
abilities are used for computing the combined target

state estimate. The advantage of the proposed technique

(Iter-PDA) is shown with Monte Carlo simulations in

Sec. 5.

The modified innovation covariance Sμ(k) computed
using (35) can be written as

Sμ(k) =HP(k j k¡1)HT+(1¡¯0)R+§(k),
=HP(k j k¡1)HT+Rμ(k): (44)

Therefore, by modifying the measurement model in

Iter-PDA the measurement noise covariance is modi-

fied with an additive term §(k) corresponding to mea-
surement origin uncertainty. The modified innovation
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Fig. 2. A flow diagram for measurement update and time update in target tracking under MOU. Dotted thick arrows shown at two places

indicate the proposed adaptations compared to PDA. With the proposed adaptation, fixed measurement noise covariance R becomes

Rμ(k) =R+§(k).

covariance and modified Kalman gain are due to the

modified measurement noise covariance Rμ(k). Using

the modified innovation covariance Sμ(k) and filter gain

Kμ(k) the PDA filter is modified and steps in the Iter-

PDA algorithm are summarized as follows,

² Step 1: Compute posterior target state x̃(j)i (k j k) for
j = 0, : : : ,mk with association hypothesis A(j), us-

ing (17).

² Step 2: Compute innovation covariance Sμ(k) using
(35). For first iteration, i.e., at n= 1, §(k) is un-

known, as a result, Sμ(k) = S(k).

² Step 3: Compute filter gain Kμ(k) using (41) and

posterior covariance Pμ(k j k) using (43).
² Step 4: Compute the association probabilities ¯j using
(15) with the modified innovation covariance Sμ(k).

² Step 5: If ¯j is different from the previous iteration

go to Step 1. Otherwise iteration stops.

² Step 6: Target state in MMSE sense is estimated as
xμi (k) =

P
j x̃
(j)
i (k j k)¯j .

² Step 7: Compute the predicted state and covariance as

xi(k+1 j k) = Fxμi (k j k), (45)

Pi(k+1 j k) = FPμ
i (k j k)FT+Q: (46)

The difference between PDA and the proposed Iter-

PDA is in the computation of the modified measurement

noise covariance Rμ(k) and the modified innovation co-

variance Sμ(k). With this modification, Rμ(k)¸R and

Sμ(k)¸ S(k) because §(k) is positive semi-definite, as
shown in Appendix D.3 of [12]. The additive term §(k)

becomes zero with ¯j = 1. The instantaneous adaptabil-

ity of Iter-PDA is achieved by modifying the filter pa-

rameters Rμ(k), Sμ(k), Kμ(k) and Pμ(k j k) with MOU.
In the absence of MOU these parameters are the stan-

dard Kalman filter parameters. In the case of conven-

tional PDA given in [5], [6], [12], [13] the posterior

error covariance P(k j k) is the only term that changes

with MOU. Therefore, in conventional PDA the effect

of MOU at time instant k will appear on filter parame-

ters (S(k+1), K(k+1)) at the subsequent time instant

k+1.

The term §(k) in modified innovation covariance

Sμ(k) is a function of ¯j , j = 0, : : : ,mk as shown in (33).

But, the proposed approach computes ¯j , j = 0, : : : ,mk
using Sμ(k) in (16). Hence, the process of computing Sμ

becomes iterative and the iteration process stops when

the nth iterated ¯
(n)
j , j = 1, : : : ,mk does not change, i.e.X
j

j¯(n)j ¡¯(n¡1)j j< À, (47)

where À is a sufficiently small, pre-defined quantity.

The iteration process increases the measurement likeli-

hood as shown in Appendix B. Because of the iterative

computation of association probabilities the proposed

approach is referred here as Iter-PDA. The Iter-JPDA

developed in [19] computes the association probabili-
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ties using the iteratively computed maximum a poste-

rior estimates. The proposed approach here computes

the association probabilities and innovation covariance

by solving (33, 35) and (15, 16) iteratively.

4. CRLB WITH MOU USING MONTE CARLO
AVERAGING TECHNIQUE

In target tracking with MOU the tracking perfor-

mance can be evaluated by comparing how close the

mean square error (MSE) is to the theoretical lower

bound of the estimation error. This bound obtained

as Cramér-Rao lower bound (CRLB) is shown to be

the equivalent to the error covariance matrix [23] of

the Kalman filter for the linear Gaussian case without

MOU. The CRLB with MOU will also provide a mech-

anism to compare the performance of the proposed ap-

proach and PDA approach. In this section a recursive

form of CRLB with measurement origin uncertainty is

computed for the linear Gaussian case using the mea-

surement model proposed in Sec.3. The difficulty in ob-

taining the CRLB with MOU is in the computation of

information reduction factor (IRF). The approach given

in [9], [24] requires computationally intensive numer-

ical integration for the computation of IRF. The other

alternative is to use tabulated values given in [27], [30]

for a fixed filter parameter case. The approach devel-

oped in this section depend on Monte Carlo runs and

is applicable to any filter parameters and clutter den-

sity.

Let x̃i(k j k) be an unbiased estimate of xi(k). The
error covariance of x̃i(k j k) denoted as Pi(k j k) has a
lower bound referred to as the CRLB on the estimation

error and is expressed as [23]

Pi(k j k) = E[(x̃i(k j k)¡ xi(k))(x̃i(k j k)¡ xi(k))T]
¸ J¡1(k), (48)

where the lower bound J(k) is denoted without target

index for notational brevity and can be obtained as

J(k) = E[[rxi(k) logp(xi(k),zj(k))]
[rxi(k) logp(xi(k),zj(k))]T]

=¡E[rxi(k)[rxi(k) logp(xi(k),zj(k))]T]: (49)

An unbiased state estimator with covariance matrix

equal to CRLB (holding equality in (48)) is statistically

efficient [22], [23]. A recursive form of information

matrix J(k) can be obtained as in [34]

J(k+1) =D22(k)

¡D21(k)(J(k) +D11(k))¡1D12(k), (k > 0),

(50)

where the terms Di1i2 (k) can be computed as

D11(k) =¡Efrxi(k)
[rxi(k)

logp(xi(k+1) j xi(k))]Tg
D21(k) =¡Efrxi(k)

[rxi(k+1)
logp(xi(k+1) j xi(k))]Tg

D12(k) =¡Efrxi(k+1)
[rxi(k)

logp(xi(k+1) j xi(k))]Tg
D22(k) =¡Efrxi(k+1)

[rxi(k+1)
logp(xi(k+1) j xi(k))]Tg

¡Efrxi(k+1)
[rxi(k+1)

logp(zj(k+1) j xi(k+1))]Tg:
(51)

In (51) rxi(k) is the first-order partial derivative operator
with respect to xi(k). The expectation operator is defined

as [23]

¡Efrxi(k)[rxi(k) logp(:)]Tg
= Ef[rxi(k) logp(:)][rxi(k) logp(:)]Tg, (52)

and D12(k) = [D21(k)]T. Using the state evolution (1)

and the modified measurement error covariance (34),

the terms inside the expectation of (51) can be evalu-

ated as

rxi(k) logp(xi(k+1) j x(k))
=rxi(k)¡ 1

2
[[xi(k+1)¡Fxi(k)]TQ¡1(k)

[xi(k+1)¡Fxi(k)]]
= FTQ¡1(k)[xi(k+1)¡Fxi(k)]: (53)

Similarly

rxi(k+1) logp(zj(k+1) j xi(k+1))
=rxi(k+1)¡ 1

2
[[zj(k+1)¡Hxi(k+1)]T

£ (Rμ(k+1))
¡1
[zj(k+1)¡Hxi(k+1)]]

=HT(Rμ(k+1))
¡1
[zj(k+1)¡Hxi(k+1)],

(54)

where Rμ(k+1) is the modified measurement error

variance and obtained in (34) as

Rμ(k+1) =R+§(k+1): (55)

The matrices defined in (51) are computed using (54)

and (55) as follows

D11(k) = Efrx(k)[rx(k) logp(x(k+1) j x(k))]Tg
= EfFTQ¡1(k)Fg= FTQ¡1(k)F,

D12(k) =¡FTQ¡1(k),
D22(k) =Q¡1(k) +EfHT(Rμ(k+1))¡1Hg

=Q¡1(k) +HTEf(Rμ(k+1))¡1gH: (56)

The only term in the computation of J(k+1) that de-

pends on measurements is D22(k). Using (56) in (50)
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the recursive form of J(k+1) can be rewritten as

J(k+1) =Q¡1(k)+HTEf(Rμ(k+1))¡1gH
¡Q¡1(k)F(J(k) +FTQ¡1(k)F)¡1FTQ¡1(k):

(57)

The difficulty in computing J(k+1) using (57) is the

presence of the expectation operator. We use a Monte

Carlo approximation of J(k+1) as suggested by [23].

The term Ef(Rμ(k+1))¡1g can be obtained, from Ap-

pendix A, as

Ef(Rμ(k+1))¡1g= Ef(R+§(k+1))¡1g
= q2R

¡1, where q2 < 1: (58)

Here q2 is the scalar information reduction factor (IRF).

Substituting (58) in (57), the CRLB with MOU can be

obtained as

J(k+1) =Q¡1(k)+HTq2R
¡1(k+1)H

¡Q¡1(k)F(J(k) +FTQ¡1(k)F)¡1FTQ¡1(k):
(59)

The CRLB for the target state xi(k) can be obtained from

the inverse of the information matrix J(k) as [22], [23]

CRLB(xi(k)) = J
¡1(k): (60)

A deterministic expression for the CRLB consisting of

higher order integrals for evaluating the expectation op-

eration in (58) over all possible validated measurements

can be obtained as shown in [27]. One way to avoid

the computation of higher order integral is to use the

tabulated values for IRF. The tabulated values of IRF

given in [27], [30] are for q= 1 and R= I, but for dif-

ferent q and R the IRF values will be different. The

values of IRF are shown to depend on q, R, ¸ and Pd
[27], [28]. But, in the simulations carried out in this

paper with high clutter density it is observed that the

IRF also depends on the time index k (Fig. 10[a] shows

variation of IRF with k). The simulation results indi-

cate the information reduction decreases when a filter

attains steady state. The RMS positional error provided

in the next section are computed using Monte Carlo

simulations. Therefore, the CRLB is obtained as an aux-

iliary result of the simulations. In fact the tracker per-

formance evaluation based on Monte Carlo simulation

does not require additional MC runs for the computation

of CRLB.

5. SIMULATIONS

To compare the proposed approach with PDA, an

example scenario having state vector xT = [x _x;y _y]T

and initial condition xT = [200 0;10000;¡15]T is con-
sidered [12]. The system evolves according to

x(k+1) = Fx(k)+¡w(k), (61)

Fig. 3. Scenario in X-Y plane. Clutter measurements obtained from

cumulative time instants (k = 1 to 100) are plotted with magenta

circles. Clutter measurements at k = 50 are shown with bold black

squares. True position at k = 50 is shown with red bold square.

(a) Case (i): Clutter measurements are uniformly distributed in a

square centered around the correct measurement (b) Case (i): Clutter

measurements are uniformly distributed in surveillance region.

where ¡ =

26664
T2=2 0

T 0

0 T2=2

0 T

37775 and the time interval T =

1 s. The process noise covariance and state transition

matrices are

Q=

·
Q1 0

0 Q1

¸
q, F=

·
F1 0

0 F1

¸
, (62)

where

Q1 =

264
T4

4

T3

2

T3

2
T2

375 , F1 =

·
T 1

0 1

¸
: (63)

The process noise is a zero mean white sequence with

variance, E[w(k)2] = q2. Measurement noise is a zero

mean white sequence with variance

R=

·
200 0

0 200

¸
:

The state error covariance is initialized according to the

two-point differencing method [32], [35]. The measure-

ments are assumed to be obtained from target as well

as from clutter. The clutter measurements are generated

in two ways. In case (i), the clutter points are uniformly

distributed in a square having area A= 10¼°jS(k)j1=2
and centered around the correct measurement (known in

simulation) [12]. In case (ii), clutter measurements are

distributed uniformly in a rectangular area covering the

surveillance region. The surveillance region is defined

by minimum and maximum X-Y coordinates of the tra-

jectory. The scenario is shown in X-Y plane in Fig. 3

for q= 0. Compared to the case (i) shown in Fig. 3(a),

the number of clutter measurements will be lower inside

the gate for case (i) shown in Fig. 3(b), because of the

spread of measurements across the surveillance region.

Clutter measurements at k = 50 is shown in Fig. 3 to

demonstrate the difference in spread of measurements.

The advantage of Iter-PDA will be significantly vis-

ible with more clutter points inside the gate. Therefore,
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Fig. 4. RMS positional error (in m) versus time index k, with

conventional and the proposed approach with ° = 1 and q= 0 for

varying clutter densities (a) ¸= 1e¡4. (b) ¸= 1e¡3.

the simulations results with case (i) are provided in

Fig. 4 to Fig. 6. The results with case (ii) is provided in

Fig. 7. The parameter ° controlling the gate area is de-

fined in Section 2. The average number of clutter points

m̄k = ¸A per measurement frame is assumed to be Pois-

son distributed, where ¸ is the clutter density. The av-

erage number of iterations in Iter-PDA was five. In this

section the performance of the Iter-PDA approach and

PDA are compared to the CRLB. The CRLB and the

information reduction factor (IRF) with MOU are com-

puted for various filter parameters and clutter densities.

The IRF variation pattern with ¸ and time index k were

analyzed using Monte Carlo simulations. The consis-

tency of Iter-PDA filter is also checked and compared

with that of PDA under various Pd, ¸ and q.

5.1 Estimation performance

The root mean square (RMS) positional error for

100 Monte Carlo (MC) runs with q= 0 is plotted in

Fig. 5. RMS positional error (in m) versus time index k, with

conventional and the proposed approach with ° = 1, m̄k = 10 and

q= 1 for varying probability of detection (a) Pd = 1. (b) Pd = 0:9.

Fig. 4(a), Fig. 4(b) with ° = 1, ¸= 1e¡4 and ¸= 1e¡3,
respectively. The clutter measurements are introduced

at time index k = 10. The clutter measurements are are

uniformly distributed in a square centered around the

correct measurement as described in case (i). The num-

ber of clutter measurements are obtained in parametric

form and non-parametric form.

Parametric form: The PDA and the proposed Iter-

PDA approach computes ¯j in parametric form using

the known ¸ values in (15) and (16). As shown in

Fig. 4(a) the RMS positional error for the proposed ap-

proach (Iter-PDA) and PDA are not significantly differ-

ent with ¸= 1e¡4. But, with ¸= 1e¡3 estimation accu-
racy is improved with Iter-PDA.

Non-parametric form: For simulations carried out

with q= 1 a higher process error covariance is obtained

and this lead to higher S(k), large gate area A and

subsequently to large number of clutter measurements.

Hence, instead of keeping ¸ fixed, the simulations are
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Fig. 6. RMS positional error (in m) versus time index k, with

conventional and the proposed approach with ° = 1, for varying

clutter densities, process noise and probability of detection

(a) m̄k = 10, q= 1 and Pd = 0:7. (b) ¸= 1e
¡2, q= 0 and Pd = 1.

done with fixed m̄k = A¸ for q= 1 case. Similarly for

Pd < 1 the simulations are done with fixed m̄k = A¸. The

PDA and the proposed Iter-PDA approach computes ¯j
in non-parametric form using the computed ¸ values

(¸= m̄=A) in (15) and (16).

The RMS positional error with m̄k = 10 and with

q= 1 and Pd = 1, Pd = 0:9 are provided in Fig. 5(a) and

Fig. 5(b), respectively. Comparing Fig. 4 and Fig. 5 the

increase in the CRLB with MOU is significant for q= 1

compared to q= 0. The RMS positional error in PDA

increases more compared to Iter-PDA with Pd = 0:9. The

RMS positional errors for 100 MC runs are provided in

Fig. 6(a), for average number of clutter m̄k = 10 and

q= 1 with Pd = 0:7.

The RMS error in PDA increases with decrease of

Pd as shown in Fig. 5 and Fig. 6(a). The RMS po-

sitional error with higher clutter density compared to

the results given in Fig. 4, i.e., ¸= 1e¡2, q= 0 and

Pd = 1 is provided in Fig. 6(b). Compared to conven-

tional PDA, the proposed approach gives significantly

better estimation accuracy with higher amount of clut-

ter as depicted in Fig. 6(b). The estimation accuracy

with Iter-PDA is always better than PDA with ° = 1.

The sudden increase in error at time instant k = 10 on-

wards in Fig. 4, Fig. 5 and Fig. 6 is due to the intro-

duction of clutter. The increase in position and velocity

errors in Iter-PDA because of the introduction of clutter

is low compared to PDA. But with ° = 2, ° = 3 and

° = 4 the advantage of Iter-PDA will be visible only

with m̄k = 50 and m̄k = 100. Higher value of ° indicates

measurement sparseness and so Iter-PDA is unable to

extract additional information from measurements. In

the proposed approach qj(k) is approximated as a Gaus-

sian random variable with mean zero and variance §k.
With higher values of ° the innovation ºj(k) and qj(k)

are widely spread around the predicted position. Hence,

the approximation qj(k)»N (qj(k);0,§(k)) may not be
valid with higher values of °. Hence, the proposed iter-

ations are done only if the average likelihood is above

a threshold, i.e., (1=m̄k)
P
j=mk

p(zj(k) jA(j),Zk¡1)> ±.
In this paper ± = 0:1 has been used for the simula-

tions.

The simulation results for the case (ii), with a uni-

form clutter pattern, are provided in Fig. 7. Here, the

uniform clutter pattern is generated in an area A cov-

ering the entire surveillance region. With ¸= 1e¡3 and
Pd = 1 performance of PDA and Iter-PDA are similar.

The RMS error obtained without MOU, i.e., by using

the correct measurement in the standard Kalman filter

based estimation has been carried out. The estimation

with correct measurement is carried out to compare the

performance of PDA and Iter-PDA against an ideal data

association approach. In the absence of actual measure-

ments, i.e., with Pd < 1, the predicted measurement is

used for state update. With Pd = 0:7 the RMS error in

position has been improved with Iter-PDA as shown in

Fig. 7(a). The RMS positional error has been shown in

Fig. 7(b) with q= 0:1. The RMS error without MOU

shows slight increase at k = 10 due to the introduction

of Pd = 0:7 from 10th instant. In both cases, Iter-PDA

performs better than PDA and the estimation without

MOU gives the best result as expected.

5.2 Information reduction factor (IRF) with MOU

The value of information reduction factor (IRF) q2
for various cases of q and R are computed using the sim-

ulation scenario described in the previous sub-section

with the clutter measurements generated using the case

(i). The scalar and matrix IRF obtained with different

pattern of measurement noise covariance R is summa-

rized in [27]. The objective of this section is to check

the scalar nature of IRF q2 for diagonal measurement

noise covariance. The case of measurement noise co-

variance R being a scalar multiple of identity matrix

is considered here and the IRF q2(k) is shown to be a
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Fig. 7. RMS positional error (in m) versus time index k, with

conventional and the proposed approach with ° = 1, Pd = 0:7 for

varying process noise. Clutter is generated in an area having

coordinates covering the entire surveillance region (a) q= 0

(b) q= 0:1.

scalar for all k. The IRF q2(k) will be a scalar if ratio

dii of all the diagonal elements of R
μ(k)¡1 and R¡1 are

equal. The ratio dii is obtained as dii(k) =
Rμ
ii(k)

¡1

R¡1ii (k)
and

for two-dimensional case r12(k) =
d11(k)

d22(k)
. For r12(k) = 1,

q2(k) = d11(k) = d22(k). The IRF q2(k) and the ratio

r12(k) are plotted in Fig. 8(a) and Fig. 8(b) with ¸= 1e
¡4

and ¸= 1e¡3, for ° = 1, R=
·
200 0

0 200

¸
and q= 0.

In Fig. 8, r12 = 1 indicates the elements of R
μ(k)¡1 are

obtained by multiplying the elements of R(k)¡1 with
a scalar. The scalar q2(k) is less than one as shown

in Fig. 8. In a clutter free zone q2(k) = 1 and there is

no information reduction. The value of q2(k) reduces,

with increase in clutter density ¸= 1e¡3 as shown in
Fig. 8(b).

Fig. 8. The ratio of diagonal elements r12(k) = d11(k)=d22(k) and

q2(k) versus time index k with conventional and with the proposed

approach with ° = 1 for varying clutter densities. (a) ¸= 1e¡4.
(b) ¸= 1e¡3.

The variation of q2 with low Pd and high clutter are

analyzed in Fig. 9(a) and Fig. 9(b), respectively. The

value of q2(k) and r12(k) are computed with m̄k = 10,

q= 1, Pd = 0:7 and depicted in Fig. 9(a). Similarly

q2(k) and r12(k) for ¸= 1e
¡2, q= 0, and Pd = 1 is pro-

vided in Fig. 9(b). In all the cases considered here for

simulations, the ratio r12(k) = 1 indicates that q2(k) is

scalar and verifies the results obtained in [9], [24]. For

¸= 1e¡3 and ¸= 1e¡2 the scalar IRF q2 is not a constant
with time k. The variations are zoomed and shown in

Fig. 10(a). In the initial time instants q2 is low and as

filter stabilizes q2 increases. This suggests that the in-

formation loss due to clutter is less as the filter reaches

steady state. The variations in trace of posterior state

error covariance is plotted in Fig. 10(b). The trace in-

creases rapidly with the introduction of clutter at k = 10

in PDA. In Iter-PDA the raise is nominal and this is due
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Fig. 9. The ratio of diagonal elements r12(k) = d11(k)=d22(k) and

q2(k) versus time index k, with conventional and proposed approach

with ° = 1 for varying clutter densities, process noise and probability

of detection. (a) m̄k = 10, q= 1, Pd = 0:7 (b) ¸= 1e
¡2, q= 0, Pd = 1.

to the adaptability of Iter-PDA to adjust with clutter by

modifying the innovation error covariance.

5.3 Consistency of Iter-PDA

The consistency of the proposed Iter-PDA filter is

verified using the following three criteria [12], [35]:

1) Normalized state estimation error square (NEES)

should be within an acceptable limit.

2) Normalized innovation square (NIS) should be with-

in an acceptable limit.

3) Innovation should be acceptable as white.

The computation of acceptable limit for the above

three criteria are given in [12], [35]. In this section nu-

merical values of NEES, NIS and whiteness of inno-

vation are checked with filter consistency acceptance

limits. In [12] PDA filter consistency has been checked

Fig. 10. (a) Zoomed-in section of q2 for ¸= 1e
¡3 and ¸= 1e¡2.

(b) Trace of the posterior error covariance with ¸= 1e¡4, ¸= 1e¡3
and ¸= 1e¡2.

with three clutter densities (¸= 1e¡5, ¸= 1e¡4 and ¸=
4:5e¡4) for Pd = 1 and q= 0. PDA and Iter-PDA give

same consistency pattern for the low clutter density

cases checked in [12]. In this section consistency of

PDA and Iter-PDA are checked with high clutter density

(¸= 1e¡3), low Pd along with process noise q= 1. The
target state vector length nx = 4. For N = 100 Monte

Carlo (MC) runs, the two sided Chi-square values of

NEES with ®= 0:05 for 400(Nnx) degrees of freedom

are

[Â2400(:025),Â
2
400(:975)] = [346:48, 447:63]:

Dividing the limits by N = 100 the acceptance region

will be r1 = 3:46 and r2 = 4:47. The NEES plots with

° = 1 (i.e., with 1 sigma gate) and ¸= 1e¡3, q= 0, Pd =
1 and Pd = 0:7 are provided in Figures 11(a) and 11(b),

respectively. With Pd = 1 both PDA and Iter-PDA give

similar NEES plots. But with reduced Pd, NEES plots

corresponding to PDA filter cross the boundary while
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Fig. 11. Normalized state estimation error square (NEES) with

° = 1, q= 0 and ¸= 1e¡3 for varying probability of detection.
(a) Pd = 1 (b) Pd = 0:7

Iter-PDA remains well within the acceptance boundary

as shown in Fig. 11(b).

For two-dimensional measurements in X-Y plane,

nz = 2. For N = 100 Monte Carlo (MC) runs the degree

of freedom is Nnz = 200. With ®= 0:05, for a two sided

interval the Chi-square values for NIS are

[Â2200(:025),Â
2
200(:975)] = [162:78, 233:99]:

Dividing the limits by N = 100 the acceptance region

will be r1 = 1:62 and r2 = 2:33. The average NIS plots

for N = 100 with q= 0 and with ° = 1 and ¸= 1e¡3,
for Pd = 1 and Pd = 0:7 are provided in Figures 12(a)

and 12(b), respectively. The NIS plots for PDA and

Iter-PDA are similar with Pd = 1. The NIS plots of

PDA cross the boundary with reduced Pd as shown in

Fig. 12(b). The auto correlation of the innovation is

computed with samples at one time instant apart. The 95

percentage region [¡1:96¾,1:96¾] for ¾ = 1=pN = 0:1

Fig. 12. Normalized innovation square with ° = 1, q= 0 and

¸= 1e¡3 for varying probability of detection. (a) Pd = 1 (b) Pd = 0:7.

is the interval [¡0:196,0:196]. The innovation is ac-
cepted as white if the computed auto correlation is

within the acceptance limit. The comparison of white-

ness of innovation with ° = 1 and ¸= 1e¡3, q= 0,
for Pd = 1 and Pd = 0:7 are provided in Figures 13(a)

and 13(b), respectively. PDA and Iter-PDA give sim-

ilar whiteness of innovation with Pd = 1 as shown in

Fig. 13(a). With reduced Pd the auto correlation of the

innovation with Iter-PDA is closer to the acceptable lim-

its compared to PDA as shown in Fig. 13(b).

Comparing the NIS values plotted in Fig. 12 the

Iter-PDA remains well within the acceptable limits com-

pared to PDA. In Fig. 12(b) the NIS plots corresponding

to PDA crosses the lower boundary more often. Lower

values of normalized statistic (NEES and NIS) indicate

larger covariance. The Iter-PDA adaptively adjusts the

state error and innovation covariance, so that the NEES

and NIS plots are within acceptable limits.

The results obtained in this section show that the

proposed origin uncertainty model improves the esti-
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Fig. 13. Innovation auto correlation with ° = 1, q= 0 and ¸= 1e¡3
for varying probability of detection. (a) Pd = 1 (b) Pd = 0:7.

mation accuracy. With the proposed modification the

error variance and the corresponding error variance ob-

tained as filter parameter are matching, so the consis-

tency of the filter is improved compared to PDA. It is

usual practice to compare the estimation accuracy with

the theoretical lower bound. But, in case of tracking un-

der MOU the theoretical lower bound i.e., CRLB is dif-

ficult to compute because of the numerical complexity

in computing the IRF. The simulation results carried out

here compute the CRLB under MOU as a by-product of

the Monte Carlo runs and present a simple approximate

CRLB computation scheme.

6. CONCLUSION

The proposed approach in this paper develops a

model for validated measurements. Instead of target

originated measurement model the proposed approach

uses the validated measurement model and enhances the

estimation accuracy of PDA filter. Using the developed

model for validated measurements the unconditional

measurement error covariance with MOU is computed.

The unconditional measurement error covariance with

MOU is adaptive with measurement origin uncertainty.

With unconditional measurement error covariance the

innovation covariance, the Kalman filter gain and the

posterior error covariance are modified. The additive

term in the measurement noise covariance with MOU

computed by the proposed approach vanishes in the

absence of MOU and the modified filter parameters

reduce to standard Kalman filter parameters.

Monte Carlo simulation results show that the target

state estimate obtained using the modified filter param-

eters are significantly better compared to that obtained

using the standard PDA approach under dense clutter

scenarios. Under low clutter conditions the proposed

Iter-PDA and the standard PDA gives similar perfor-

mance because the additional measurement noise com-

ponent is not significant.

The estimation accuracy is compared to CRLB with

MOU. The IRF in CRLB with MOU has been obtained

in this paper by Monte Carlo (MC) averaging method.

Using the Monte Carlo (MC) averaging method the pro-

posed approach is able to compute the CRLB for any

given filter characteristic and clutter density. The adapt-

ability of the proposed approach to various clutter con-

ditions has been shown with Monte Carlo simulations.
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APPENDIX A SCALAR INFORMATION REDUCTION
FACTOR

Let p§ be the probability distribution function of §.
In the simulations carried in the paper the measurements

are in Cartesian coordinates, i.e. zj(k) is of dimension

two. The measurement noise in x and y components are

independent. Hence, it is assumed that R is a diagonal

matrix. The expected value of modified measurement

noise covariance can be computed as

Ef(Rμ(k)¡1)g= Ef(R+§(k))¡1g

=
1

R+§(1)
p§(§(1))+

1

R+§(2)
p§(§(2))

+ ¢ ¢ ¢+ 1

R+§(k)
p§(§(k)) (64)
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=) Ef(Rμ(k)¡1)g ·R¡1p§(§(1))+R¡1p§(§(2))
+ ¢ ¢ ¢+R¡1p§(§(k))

=R¡1
X
k

p§(§(k)) =R
¡1

=) Ef(Rμ(k)¡1)g ·R¡1: (65)

For one dimensional measurements R is a scalar, §(k)

is scalar and (65) holds true. Therefore, expected value

of inverse of modified measurement noise covariance

can be computed as

Ef(R+§(k))¡1g= q2R¡1, where q2 · 1: (66)

If measurement dimension is more than one (n,n > 1)),

the measurement noise covariance R is n£ n. The ad-
ditional term §(k) is symmetric and positive definite as

shown in Appendix D.3 of [12]. Hence, R+§(k)·R.
The off-diagonal terms of E[§(k)] cancel out because

z̄j(k) are independent and identically distributed (i.i.d),

as shown in [28]. For two-dimensional case with differ-

ent ¸, the ratio of diagonal elements r12 and q2 are plot-

ted in Fig.8 and Fig.9 using 250 MC runs. Since, r12 = 1

the diagonal terms are equal and q2 is a scalar multiple

of R¡1. Thus, condition (66) is applicable to measure-
ment noise covariance R having dimension more than

one.

APPENDIX B ITERATIVE COMPUTATION OF ¯J AND
§(K)

Using the modified measurement model given in

(25) the validated measurements are represented as

zj(k) = zi(k) +qj(k), (67)

where qj(k) = zj(k)¡
P
j=0:mk

zj(k)¯j(k) and the weight-

ed sum of all the measurements are denoted as z̃(k) =P
j=0:mk

(zj(k)¯j(k)). The measurement model for val-

idated measurements consists of two parts, the target

originated measurement zi(k) and the spread of the mea-

surements

qj(k) = zj(k)¡ z̃(k):

Accordingly, the measurement likelihood has two parts

one corresponding to target originated and the other

corresponding to the uncertainty in target originated

measurement. The density of qj(k) is assumed to be

Gaussian denoted as qj(k)»N (qj(k);0,§k). The mea-
surement spread is obtained as qj(k) = zj(k)¡

P
j=0:mk

(zj(k)¯j(k)). The variance of qj(k) is obtained as the

one that maximizes the likelihood. Instead of directly

maximizing the measurement likelihood
P

j(pzj (k)(A(j),

Hx̂i(k j k¡ 1),Z(k))) the proposed approach maximizes
log likelihood.

The parameters ¯j and §k are computed by mini-

mizing the negative log likelihood. The expectation of

log likelihood can be computed as [36]

E-Step:

Ezj (k)[log(pzj (k)(A(j),Hx̂i(k j k¡ 1),Z(k)))] =X
j

log(pzj (k)(A(j),Hx̂i(k j k¡ 1),Z(k)))¯j: (68)

Using the modified measurement model given in (25)

zj(k)¡Hx̂i(k j k¡1) = zi(k)¡Hx̂i(k j k¡ 1)+qj(k)
= ºi(k)+qj(k): (69)

Using (69) the log likelihood given in (68) can be

obtained as

J = log(pºi(k)(A(i),Hx̂i(k j k¡ 1),Z(k))
+
X
j

(logpqj (k)(A(j),0,Z(k))))¯j: (70)

The term ºi(k) can be rewritten as

ºi(k) = zi(k)¡Hx̂i(k j k¡ 1)
= (Hxi(k)¡Hx̂i(k j k¡ 1))+ (zi(k)¡Hxi(k)):

(71)

The first term of (70) pºi(k) is independent of zj(k) and

can be expanded as

J1 = logpzi(k)(A(i),Hx̂i(k j k¡ 1),Z(k))
= (Hxi(k)¡Hx̂i(k j k¡ 1))(HPHT)¡1

(Hxi(k)¡Hx̂i(k j k¡1))T+ logdet((HPHT)¡1)
+ (zi(k)¡Hxi(k))R¡1(zi(k)¡Hxi(k))T+logdet(R):

(72)

The second term depends on zj(k) and can be ex-

panded as

J2 =
X
j

(logpqj (k)(A(j),0,Z(k)))¯j =X
j

((zj(k)¡ z̃(k))§(k)¡1(zj(k)¡ z̃(k))T

+ logdet(§(k)))¯j: (73)

The task of maximizing the measurement likelihood

is equivalent to minimizing J . The first term of J1
is independent of measurement at kth instant. For the

second term in J1 (72) maximum likelihood occurs

for target originated measurement, i.e. mode of the

distribution is at zi(k). Hence, the sum of likelihood

(J = J1 + J2) is maximum if J2 (73) also gets maximum

at the same point, i.e., at zi(k)

zi(k) = z̃(k) =
X
j=0:mk

zj(k)¯j: (74)
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Fig. 14. The expected likelihood versus iteration number Pd = 1,

mk = 10 for an arbitrary run. (a) q= 0 (b) q= 1.

The modified measurement model for the validated

measurement set given in (25) satisfy the requirement

given in (74). The expression (74) indicates that mea-

surement likelihood will be maximum if the measure-

ment corresponding to target i is a weighted sum of

all the measurements in the validation region. The un-

known parameters in J are ¯j and the variance §(k) of
J2. The variance §(k) that maximizes J2 can be obtained
by solving r§(k)¡1J2 = 0

M-Step:

r§(k)¡1J2 =
X
j=0:mk

((zj(k)¡ z̃(k))(zj(k)¡ z̃(k))T ¡§k)¯j

Letting r§(k)¡1J2 = 0

=)§(k) =
X
j=0:mk

((zj(k)¡ z̃(k))(zj(k)¡ z̃(k))T)¯j

= E[ºj(k)ºj(k)
T j Zk]¡E(ºj(k) j Zk)E(ºj(k) j Zk)T

=

mkX
j=0

¯jºj(k)ºj(k)
T ¡ Z̃(k)Z̃(k)T, (75)

where Z̃(k) = E(ºj(k) j Zk). By alternating between E-
Step (74) and M-Step (75) the iterated ¯js and §k are

obtained. The E-M algorithm and its general form is

discussed in [37]. The convergence analysis of E-M

algorithms are discussed in [38], [39]. The likelihood

p(n)zj (k) at nth iteration is computed using (76) as

p(n)zj (k)(A(j),Hx̂i(k j k¡ 1),Z(k)) = p(Z(k) jA(j),Zk¡1)

=
1

c
N (zj(k);HX̂i(k j k¡ 1),Sμ

(n)

i (k)): (76)

The average variation of the likelihood sum with itera-

tions is computed as

L(n) =
1

k

X
k

ÃX
j

N (zj(k);HX̂i(k j k¡ 1),Sμ
(n)

i (k))¯nj (k)

!
:

(77)

The variations of L(n) for n= 1, : : : ,10 is plotted in

Fig. 14. For n= 1 the proposed approach is same as

conventional PDA approach. The variations of expected

likelihood given in Fig. 14(a) shows the likelihood max-

imization with iterations for q= 0 and q= 1. The varia-

tions are similar in shape and the likelihood values set-

tles at around iteration number 4. Simulations are con-

ducted with other cases with different clutter densities

and Pd and the maximum number of iterations taken for

likelihood value settling is found to be around 4.
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